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I
I. Introduction and Summary

In a recent Scientific Report, "Electromagnetic

Non-Linear Wave Interaction and Reflection from a Plane

Ionized Medium" [3], the author has studied non-linear wave

interaction and its associated wave generations (at various

combination frequencies) in an isotropic, ionized medium.

In order to make the results as general as possible, the

interaction and the non-linear reflection laws were

expressed in terms of unspecified refractive indices. This

made it possible, among other things, to express the con-

ditions for travelling wave resonance in vector form, which

allows a study of the interaction, for example the generation

of sum or difference frequency radiation, between two waves

which have arbitrary, and different, angles of incidence

upon the medium.

In the present report the non-linear propagation

studies are extended to a magneto-ionic medium; the limita-

tion being, that all wave normals have been assumed to be

parallel. The general theory, involving arbitrary wave

normals, will be dealt with in a forthcoming report.

It is shown that, as expected, travelling wave

resonances occur in the magneto-ionic medium, not only

between waves of the same kind (e.g. between waves of ordin-

ary polarization) but equally frequently between waves of

opposite kinds. From the non-linear interaction point of

view there, thus, is not much difference, at least in princi-I
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pie, between the ordinary and extraordinary waves. One also

finds, which is of interest in this connection, that the

second order non-linear waves are characterized by two

different kinds of polarization which become equal only at

travelling wave resonance.

Travelling wave resonances should be very efficient

in the *top-side" ionosphere, where both losses and electron

density gradients are small. It is interesting to note, that

most of them take place in regions where T>I-I (in the

usual notation); which are accessible by both types of waves

from a "top-side* sounder. Interaction instabilities are

likely to be strong in regions near or close to fourth

reflection level conditions (where the electron velocities

become very large), especially for 12.1, and T2-I-X.

Parametric harmonic pumping of cyclotron-type resonances

are particularly probable - in agreement with recent experi-

mental results.

Under certain conditions second harmonic (echo)

generation also is possible at or near the following com-

bined fundamental and second harmonic reflection levels,

viz. X1.,2 and 4. Similar levels can be established for the

higher harmonics.

The author expresses the hope that future "top-side"

sounders will also be equipped with harmonic sweep recording

devices. No doubt this would greatly extend our knowledge

of dynamic, non-linear "top-side" phenomena.
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In conclusion, it should be added that the results,

obtained in this report, can also be used to study and

evaluate parametric amplification, or second harmonic genera-

tion, of exospheric whistler modes.

II. The Electron Velocities and the Differential (AC) Space

Charge Density of the Linear Magneto-Ionic Wave

Let us assume that the static magnetic field, of

strength He,0 and cyclotron frequency, CH, is oriented with

respect to the wave normal (z-direction) and the coordinate

system as shown in Fig. 1.

, No z (direction of wave

normal, angular wave

frequency wo)

WTq

Fig. 1 Demonstrating orientation of the

static magnetic field

If we denote the linear fields, of angular frequency

Mq, as follows, Z .U(I) , etc., the transverse, linear elec-
Y Yq

tron velocities can be written [1].

(1 2 e.(I) ( 9) (1)-n)
v 1-n a g v((1) 1qx

,qy q Jimq m q x " q-• j"'-' q--m-o- .y

where nq is the refractive index of the wave in question, and



Xq*ap/cq2 , where co is the angular (electronic) plasma

frequency of the ionised medium. Introducing the cyclotron

frequency ratio, qO H/ho , its transverse and longitudinal
components, nT q q sing, YIq -Y = cos$ , and the plasma

resonance factor

R q 1 ' (8 q V/to) (11,2)q -lq-IJ8 q ql
q q

the Appleton-Hartree expression for n 2 assumes the conven-q
ient form

2 XI1-n -, (II,3)

q I-J6 IYT 2 q * 1~ Y 4 2 +Y,2
-q- 7 T qq _1; Tq q q

which demonstrates the influence of the transversely coupled

plasma oscillation upon the propagation of the linear wave.

The longitudinal velocity component can be written

14l) . 1-n 2 q
vql YTqS**** ' (11,14)

qs T Tqq q (qm

and is, thus, in phase with E3 for a loss-less medium.q y

Rel. (IT,4) by (I,1) also can be written

q) R vqv (1q,4a)qz T q q q y "



v* and v(1) are consequently of the same order of mag-q Z q

nitude (TqT1 0) except near the plasma resonance level,

where Rq may be very large. In this region, therefore,
vlt W nay give rise to appreciable non-linear effects

q s

(provided that 6 2<<1) even if the transverse velocities

remain small.

The ac space charge density can be written ill

v(1) V(W)
-qq 5  q z(p -- eN ; N is the mean" U co/n"'- - electr 'on an

PO o electron density, and c

the electromagnetic velocity

in vacuum)
(II,5)

which by (II,a).can be given the alternate, and in this case

important form,

• V(II,Sa)

0Tq phq

P1  thus is zero when T 0 (longitudinal propagation), and
q

when Rq n q0 . Relation (II,Sa) furthermore shows that, as

far as the charge bunching is concerned, the measure of non-
linearity is R v /v and not v(1)/v . From (II,5)

q y p- 1 ) /v ph

it also appears that pq /PO may become very large for the

extra-ordinary wave (the Z-component) at or very noar the

plasma resonance level.

According to (II,1), (II,.4) and (11,5) we can regard



the magneto-ionic wave as composed of a transverse electro-

magnetic wave, represented by v W and v W , and an

associated plasma wave, represented by v and p which

are coupled to each other by the transverse magnetic field.

This plasma wave disappears when 6-O, and therefore does not

appear in the linear theory, when the propagation is purely

longitudinal. The plasma wave may become very large at the

plasma resonance level and is physically instrumental in

producing the triple split coupling.

In the linear magneto-ionic theory one only considers

-'1)
the linear convection current density p 7, . At the plasma

o q

resonance level, however, one may also have to consider the

non-linear term p( Vq ; which produces a second harmonic.
q q

The moment the ionised medium drifts one must also deal with
the lirtear drift component p(l0 , where v0 is the drift

velocity. Different types of waves, such as space charge

waves, may then be generated in the medium. A discussion

thereof is outside the scope of the present communication.

For details the reader is referred to a paper by J. Askne

and the author, on electron stream whistler mode interaction

12].

To make the linear field survey complete, we should

perhaps recall that

? .y1(j) -(j) (II,6)qy 0 x x 0 qy



and

*()x1 O.$()* .Q(1) * l, ,1

q - qy q q - 2.. ± ,.. 4R. 2+y 2
" q T q q Lq

I-n 2
YJ LqRq a , (11,7)

which is the linear (Or first order) polarization ratio. The

polarisation of the non-linear field components is generally

different from S) ; see [11, and (IV,13).
q

In the study of non-linear effects one is naturally

interested in regions where the linear velocity fields, and

for that matter also p1  , generated by a high power wave,

for example a pump wave, become very large. We have seen
vMl (D)

that v. and p 1  behave in this manner at or near the

plasma resonance level, whereas the other components remain

small.

It appears from our previous relation that there is

another, and in this connection very important resonance

level, when all velocities and the ac space charge density

may become very large (in a medium with small losses) and

that is at or near the so called fourth reflection level,

where Inq 2'1--I_ . It is well known, as is easily verified

by (11,3), that this *resonance" takes place when
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2 * 2 '(18

Yq q -los2 Rq .qOq C-X q

or expressed in Iq when

1-Y2
1q - R a 2 ( 2a)

q 1-Y qCosleq

When I is small, (ii,8) approximately yieldsq

R 1 - Isine ,q q q

i.e. one is very close to "cyclotron resonance"; especially

when SR is small. The latter case is especially important

when one considers the excitation of cyclotron harmonics

(or near harmonics) in the "topside" ionosphere.

It is interesting to note that (11,8) can also be

written

(-q2-MH2) (M 2-0p2) H 2)p2sin2e OT T2(ap2, (II,9)

cyclotron plasma coupling
osc. term osc. term term

which shows that the fourth reflection resonance can be con-

sidered as a transverse coupling between the plasma and

cyclotron oscillations.

Let us, in conclusion, summarise the results of this

Section. As far as the linear driving forces are concerned,



we have two important resonance levels in the ionised

medium, vis,

I.- 2
X -I , a n d XZ - q s2

Besides these resonance there are, of course, non-linear

travelling wave resonances [3]. These will be discussed in

Section IV.

III. The Non-Linear Driving Forces

If we retain the non-linear terms in the equation of

motion, we have

d- 11,." 1Co, + 91v I
"* m m o -) .e ,÷ ,

where 7 is the non-linear force on the oscillating electrons.

These are assumed to have sero drift motion in the linear

theory (a stationary magneto-ionic medium).

If we, for the moment, consider self-nonlinearities

only (for example with a powerful primary wave) the second

order force term can be written in the instructive form
t

7(2) -" grad (xI * [() x curl i(l) +J'L (l)dt)

(III,2)

Since "ao a * curl !, this relation can also be written

7s(2) g grad (I+ [-( (curl v-() -() , (III,2a)SH2
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where 41) is the Wao* cyclotron frequency. This yields

the following basic relation for the isotropic non-linear

medium, viz,

T - grad ( h ) . (HMo) (III,02b)

In this case the (second order) non-linear force is propor-

tional to the gradient of the first order kinetic energy

of the oscillating electrons.

If we next assume that there are two waves present in

the medium, i.e. q - 1,2, it can be shown[l1that F'2 has

the following components (v-0):

" 2I 1 b v, j,(l)2l(1)2l]

p(2) 1 a [v(1)2+ X 2 v(1)2(1)2
zi - 'z z2 1-n 2 2 )]x2

r(2)
z2

rav(l) 2v(l) "

\ " 2 YI -n Y2 ÷ 1T 2 J

X r ') ( Bv(l) ( )1
- -2 V + x2 J

1-n 2  V 7 z

p(2)
'12



av(I) Xv1

p(2) P(2)
Yl Y2

v (1) y, Y2 X2 ) v(1) El (y X1
i1 anS2 z2 az 1 n 2

S1- 2 '2 ~'1-n 1

P(2)
Y12

v(1) •a.V)
p(2). 1 iv(l) xiX1 1 VW x1 1  '2 1 Z2--

x 1-n2 2

r(2) p(2)xI x 2

av(l) av(l)
v(1) '2 X 2 1n 1----(11l
V- I 2 v1) I

-. -2 10 a

"1n2 1z , -nl II5

P(2)
1l2

It should be noted that complex values of the electron velo-

cities cannot be used in these relations. The real velocity

values are easily obtained from the various field relations

in the previous Section.
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In the case of the ionosphere it normally is sufficient

to use the second order relations (111,3,,4,5). In a physical

plasma device this is not always permissible. In this case,

however, the second order relations still are very useful,

since they can be used to demonstrate how and when wave

instabilities tend to build-upL[3.

It is important to note that the transverse non-

linear forces (P(2) and P(2)) disappear, if v(1) 0. IfSx Zl192

all waves travel longitudinally, there are second order non-

linear driving forces in the longitudinal (z) direction only.

This case, therefore, is simpler to treat, but much less

interesting from the interaction point of view.
The 7(2) and y2) terms contain the second harmonic

forces, of angular frequencies 2Ul, and 2*2, and a non-

linear, static force term. Since v~l) differs in phase from
v(1)
VW by * R/2(v-O), it appears from (III,3,4.,5) that there
y

is a second order static, non-linear force term in the y-

direction only. As the total "dc"-current must be zero in

the infinite plane medium, we must require that the mean

value, denoted by ( >, of the second order convection current

be zero, i.e.

<P() I) 2) > - 0 , (111,6)

2 2 2

which, by the v-and pl-relationu of Section II, yields
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v v(1) 2

1 T. 1) T 1 " <">A (2 R>I Y /Q(1)
(, 21 2 -ph I 1 1 1T 2
2 2 2 2 2 222

(V0
<v(2)> 0( ,7)

2

Since <v,> always is positive, the higher power save, to
1
2

second order, pushes the medium ahead. There is no transverse

drift and it should be noted, that <i(1)> has the same

direction (in the x-z plane) as the linear electron velocity.

From the second order equation of motion we next

obtain

x L y x m yL T 2 yo•(2)) "<LV( 2><'p( 2)>;m-y"°T

.1<e 2 CO (Indices 1 and 2 dropped)
(2a T 

(111,8)
I This yields

0<-- - (2)>- l V21>) +

2 2 2 2 2 2 2
2

v(1l) 2 (111,9)
+ R YT2 j 1 Ymax

YI T -p21bJ V ph '1 "

2
2

Thus a static, non-linear electric field is generated in the

y-direction only. It has the right magnitude and direction



to permit the electrons to drift in a straight line in spite

of the presence of the static magnetic field.

Finally, it should be noted that, in a system with one

high power wave only,

av(1) vl(1)r(2)i (2) . x /_. y
i ~~~x -y as = "(I~O

Besides the non-linear force on the electrons we must

also consider the non-linear Nac" convection current

densities in the system, viz.

_(2) -(1)-Cl W(l)-(l)• (1)-C(1)+ ()-(1)'(2
a _l " 1 V p 2 ~ 1 v <ia2'>,
a iII P i1 2 1

(111z,9)

and

~(2 - (2)+;F(2)) * <,(2)
"b PO 1 2 ia >

which also contain second harmonics and sum and difference

frequency terms.

IV. The Non-Linear WJave Equation

For the second order (non-linear) fields Maxwell's

equations can now be written

peEc2 -1 a() +T2) , p _z 1 aLT()T2x Fo t e y e at a b

a2 1 (2) 1_L .T(.2(2(2)2 }
772 atM a b
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where

1 a2 82

p*-2- a2 * a (Electromagnetic wave (IV,2)
S oo as at operator in vacuum)

If we introduce the additional operators, vis.

pp2 . coW2 (Plasma oscillation, p -2 p +
operator) e m p (IV,3)

(Electromagnetic wave
operator for the iso-
tropic ionised medium)

and make us of the various expressions for they(2)-components

of the previous Section, we obtain (after some transformations)

the following non-linear wave equation for v (2)- viz

8y.

2 * pp2 • p em - z(IV,4)

where
4WC2) eW(2)

_2(2) . 2 ; - y _ 2,(2)e2py•2a

2 W(2) (IVv5)
a2 p (2) p2 _

"(2) (2) (2) are the x, y, and z components ofHe e Wx , Wy z

W() (2) (IV,6)

p0  a

aned
D-emu wp~e2•=T~p2 a-Lt •LPP~p4(v
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One, furthermore, obtains

av(2)
2 x 22) p (IV 8)

Pem at L " y

and av(2) a2v(2)
2 "Z •T + 4 z (IV,9)pp at at

since v(2) is also related to v(2) by the following relation

a2v(2) av(2) 2*

S2 p 2 +C02 2 1 Y_ 2 2 x Co 2__p

I p em Te at2 2 LPp Pe t - "TP p at

(IV,1O)

one is induced to introduce the two "symbolic" second order

polarization ratios (compare (11,7))

S(2) (p 2pema2"T2Pe2)a/at1 2L~ e2  (IV,ll)
•LPPpPe

and 2(t2-) CD LPe ( IV, 12 )

Peem 2/at

By (IV,7) it can immediately be shown that

( S (2) 1 D (IV,13)

W L Pp Pe4

The two second order polarization ratios are therefore only

equal when D - 0, i.e. when we have resonances in the system.

By our previous relations the wave equation for v(2)
x
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now can be written

•8v(2) a2x2 2, 22 *X 2 2 +* 4

(IV,l14)

which by (IV,ii) and (IV,12) transforms to

(2) . 2 2 (2) 2 (2) * 2 2 (2)* . (IV,15)Dx pp" I'LPe1 *Pem x 2 A t Tem Pe.S2

This relation demopstrates the meaning of the two polarisation

terms: s(2) applies to the (non-linear) *, forces, and (S2)

to the * and * forces. Therefore v(2)/42) - S(2) -S(2)

when we have resonance in the system.

The wave equation for the second order, longitudinal

velocity finally becomes
a

8V(2) a 2 a3* 2 2 4)
S 2 ( - I ý em a +2OtTCoLe __74Pam 71 Pe __-_T+ °Lpe4 z',

aatatI

(IV,16)

where it is of interest to note that a annihilates the longi-

tudinal magneto-ionic modes.

One finds from (IV,7) that D can be written

r 2 2 2 a2 4 T 2
p2  T~P 2) 2~ 2  P04 Pc* I at 2 L
P D 2- 7 O

(IV,l7)

whence one symbolically obtains
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2 2 .[2(,. 2 /21 2 2  21
°p D p P p 2p pI V .2

D
0

Ordinary Electromagnetic Wave and Plasma Oscillation

Operator

'2

2 2 T2 a2
2r21 0/2) /2p2  2t~ (2 P [P.2ell2 2 'pO 'at2pp p

DI)x

Extraordinary Electromagnetic Wave Operator

(IV,I8)

p 2 'DD .(It,1ea)
p p2D- o~x

It should be noted that D annihilates both an ordinary wave

2and a plasma oscillation (p2P , 0), whereas Dx annihilates

only an extraordinary wave.

Subject to proper boundary conditions, DOD v(2) . 0

yields the linear transients of the system and its self

oscillations (v 0 O, a/az - O) X - p 2 /c 2 _ 1 + Y, 1, and 1 - Y.

If we assume that we have two high power waves, repre-

sented by and v2 ), present in the system, the non-linear

driving forces *xP *yI and * z may contain terms with the

following propagation factors, viz.
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e x p . ( 2 cl t -2c1i n l %/ 0o ); e x p . ( 2 42 t* 2" 02 n2i / c o ) ( n l ' n ( CI n 2 -n ( C2 ) )

ezp e t( cO,1. . 2)t*(colnl-o*2n2) 2/ 0 .) 1 exP.((( *l-c02)t't(O1 n i+co2n2) Z/c 0 J

It should be remembered in this connection that a primary high

power wave is defined as a "pure" magneto-ionic mode. Two

different magneto-ionic modes have to be treated as two primary

waves, even if their wave frequency happens to be the same.

According to (IV,9) the "effective" refractive indices

of the second harmonic driving forces is 2n(w.) and 2n(w 2 ).

The effective refractive indices, n. and n-, of the sum and

difference frequency waves, become

C n tton ccon tcl n.12
2 +

(IV120)
1 11 2 2 1 12 2(I20n=- oInl1 2 n 2  coInl•c 2n2

"n - 1 C 2 C -

where the upper signs correspond to the situation that both

primary waves propagate in the same direction, and the lower

signs to propagation in opposite directions.

Next, let us introduce the (self explanatory) operator

equivalents

P0 2(n.2_1); p 2 P 2 (IV,21)
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and

p 2 p 2 2 (IV,22)
Pi P

Making use of these relations and (IV,20) one can prove that

the following important relation holds, viz.

D p 2kr± p (Iv,23)

where

L = lp-no2{i)() 1-n+ {l-nx2(c+) l-n+ 2

This relation shows that one obtains travelling wave resonance,

D a 0, (compare reference [3j) in the system, when n+ 2n( 20)

or n±2 =n 2 (CO). In principle, therefore, the non-linear

driving forces, irrespective of the type of polarization of

the high power primary waves, may excite sum and/or difference

frequency waves of either polarization. The only factor of

importance (apart from the difference in magnitude of the

non-linear driving forces in the various cases) is the tra-

velling wave resonance, i.e. equality in phase velocity and

in phase velocity direction, bstween the excited and the

exciting waves. This is a characteristic feature of the

(dynamic) non-linear magneto-ionic theory.

If collisional losses had been introduced in the system,

we would have found that r contained the same resonance terms

but now with complex refractive indices. It is interesting

to recall that maximum triple split coupling occurs when
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{no(0) U ; which only is possible whe colli-

sional losses are introduced. Triple split coupling,

therefore, can be regarded as a kind of travelling wave

resonance in the coupling region. When no0 (± )mnx(o+),

r- , and D+ , must be used with great care, since the non-

linear driving forces now could excite both an o-wave and

a z-wave at the same time. A detailed discussion of this

complicated resonance case lies outside the scope of the

present communication.

Let us focus our attention on (IVA) for a moment.

It appears from the previous relations, that x-O-$o,= if

COT-O. In the case of purely longitudinal propagation no

second order electromagnetic waves are excited in the system.

2Since, by (IV,7), D-pp a in this case, one finds from (IV,6)

that a second order longitudinal (plasma) wave, determined

by the relation

av(2)
pp2 z 0 ((a•T. .0T-) (IV,25)

is excited in the system. Since 1-n q-X for the isotropic

medium (oHO), (IV,25) yields a very simple result in this

case, and v (which becomes large when pp -*0) is proper-

tional to the gradient of the first order kinetic energy of

the oscillating electrons jl] (see also (III,2b) and (111,3)).

It consequently appears that no interesting second order non-

linear interaction effects take place; unless oT ' 0.
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The present theory has been based on the limiting

assumption that the wave normals of the high power waves and

the system waves are parallel. The more general case, when

the wave normal directions differ by certain specified angles,

will be discussed in a forthcoming report. One finds (see

also [3]) that (IV,20) holds, provided it is written in

vector form. If the medium is stratified in the z direction

' n 2 n and -. in (IV,20) "simply" have to be replaced

by their z-components.

V. Generation of Sum and Difference Frequency Waves in the

Magneto-Ionic Medium

It appears from (IV,lO) and (IV,24) that intense sum

and difference frequency waves will be excited in the medius

if: a) the high power (or pump) waves experience a medium
ifI-1 r 2 = y2((,))ob)iter

resonance, i.e. if 1 R ((118)), or b) if there

2 2 2

is travelling wave resonance in the medium, i.e. n+_? - no 2  +

or n,2 n 2 (to*). If both a) and b) happen at the same time

(such cases are possible) one can expect extra strong

excitation of the resonant waves.

For the homogeneous medium the associated sum and

difference frequency waves (for nomenclature see also (3)) are

easily obtained from (IV,lO), when *r * y and *z have been

evaluated by means of the various relations of Sections II and

III. When the medium is inhomogeneous, which is the physi-

cally important case, the problem is more difficult. What one
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wishes to determine is not only the amplitude and phase of

the associated waves but also the same quantities for the

radiating sun and difference frequency waves.

However, it is possible to obtain an approximate, but

useful, solution if the medium parameters vary very slowly,

in fact so slowly that partial reflection can be neglected.

To that end we proceed as follows.

It can easily be verified that D. can be written,

2- _ P 2 1. -( a±2 ._ H2 -toT 2 0 P 2 c 4 d 2  2 + k 2 d 2 . ) , ( V ,l )

6+2 2 0 da 2 04dzC I
- P

wherek_ = no(e•), and (a* =on 1 (al)" It should be
0 0 0 ±4 0X

mentioned that the factor P, preceding the operators, is zero

at the fourth reflection point (11,9) for an "independent*

sum or difference frequency wave.

Let us assume, in order to study the radiation of the

difference frequency wave only (the procedure to obtain the

sum frequency wave is quite analogous), that Trd of (IVA) can

be written

*4c .t- C_ f n(co_)ds}+ iO-t- f kds}
0 5a

ard • b e a , (V,2)

where k-iis considered to be positive, i.e. the non-linear

driving force travels in the positive a-direction. The driving

force amplitude, bo, is assumed to vary so slowly (note:
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resonances of the driving force, X1 * 1, or y1 2 are
Ti2 2 "l

2
assumed not to appear within the travelling wave resonance

region - a matter that will be considered in a forthcoming

report) that it can be regarded as constant in the main

interaction region. Furthermore we assume that resonance

takes place between the driving (non-linear)-wave and the

extraordinary wave of the system, and that k , i.e.

we avoid the triple split region.

At some medium level, z - zo, travelling wave reson-

ance takes place. For the very slowly varying medium we,

therefore, write

Sk~l-kx.1 a A•( 5-50) ,(V,3)

which we assume to ;hold within the main interaction region,

Zo-Z m/2) to Zo*Zm/2, where zm is the width of the same.

If we next assert that zm is so large, that

o ' m/2
w. (k -1-kd, I >> 1 , (VA)I ml Izo_ !M2 m'k.

and make use of the asymptotic properties of the Fresnel

integral [3], the first order solutions to (IVA) become:

e(2) be -J ja kld Z2)
P(k 0 2 .k 2 )(kx 2 -k 2 ) 0 a

(v,5)



, 2~b a* jCt-t _2 {~.kl1ds k v

y_ k 2 -k - kZ -- 2x -
• a

At the bottom of the interaction region we have only one

"associated* wave [3), which is not an independent (or radiat-

ing) wave, since it does not satisfy Maxwell's equations for

the unperturbed magneto-ionic medium. At the top of the

interaction region, ZZ 3+Z./29 we still obtain the sane

associated wave but also an "independent" radiating wave,

expe (J(cot- 4 k dal , which is a solution of Maxwell's
a

equations, at the difference frequency, for the urperturbed

magneto-ionic medium. We can regard the amplitude ratio,

I(k -k1  , , between these two waves as a measure

of the radiation efficiency (at the difference frequ~cy).

Since the amplitude of the radiating wave, by (V,6),

varies like 12 ,/• . we note that only a small gradient of

the refractive index difference is required in order to

generate a strong difference frequency radiation. Since

jwm j, of (VA), must also be large, a very wide medium is

required at the same time. If 10 1--*0, zm must - so fast,

that (V,4) holds. Instabilities, therefore, to first orders

develop only in a very extended interaction region.
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Relation (V,6) can be used to evaluate the first

order second harmonic radiation of a high power primary wave.

According to the previous relations this takes place at the

levels, where

2 2 2 2
n(W) - n0 (2c), or n (co) - n x(2) (V,7)

Here n(w) is the refractive index of the high power wave and,

thus, can have index x or o, as the situation may be.

Next, let us investigate the possibilities of second

harmonic travelling wave resonances according to (V,7).

One imaediately finds that, in the longitudinal case (YT=O),t T)no22(-)n c2 2m)-. X ' (Xcc 2/&02 ), if TIiD)- 3, (V,8)

2 {n2(cc)unx2(2cc)..- •L

n ( , if L --- 1 (V,9)

These resonances are particularly interesting since

they hold for any X value and, therefore, are likely to

generate strong second harmonics, in spite of the fact that

the non-linear driving forces must be of the third order• when

YT2 - 0. Case (V,9) corresponds to "cyclotron resonance" and

should be observable; for example by top-side sounders.

Putting TL " O, i.e. completely transverse propagation,

one finds that
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m2
2 ( 2 2f TT T (1-x,-X/M)_ 2 (n x 20-- i T TIL/ T (VolO)

TT2 0 (Physically only possible if

2co. 2 2. 4X4 2

a n d(n) -nx ( 2 0 )- 1 -1 0 i f YT 2 -3 ( 1 -1 / 4 ) -Y T I V ( X 4 4 ) ( V , IIl )

and

nx 2 (to) , no 2 (2c) - 1-/14, if Y - 3(X-1) - T2 (X>l) (V,12)
V

One further notices that (V,1O) yields physically propagating,

resonant waves only when 14-X<2 (OYT 2<1); (V,11) when

X<4 (3 TTV>O); and (V,I1) when 14X<4(O<YT a < 9).2 Thus,

only case (V,11) is physically possible when X<1.

The corresponding (travelling wave) resonance frequencies

are% W2 a* c (2 + 9C0 4-16tp20T) 2ý 2<9c 2) (V,10a)

2 2 2

C 2 + (V,lla)

2

2 . 2 T 2 )2
C op 3' ((a T < 3cP

which do not always correspond to propagating conditions

(n 2(Cm) - n2 2(N) >0).

It is interesting to note that it is also possible to

obtain travelling wave resonances at, or near, the fourth

reflection level where all electron velocities become very
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large* For this resonance to hold, we must require that

R 2(t-) TR 2(20), i.e. that

1 - X T- 2, and I - u - 1 / ,

which yields

2 . X, and Y 2 (4-X)(X-1) (14 X <0
L R TR X

i.e. 2In2 () (2w) )
"tR2 - 5-x. (Y TR - 1, for X - 2)T (V,13)

max

It is of interest to note, that this resonance only

takes place when I lies in the range 1 to 4, and that TR2

is never less than one. At these resonance levels an exos-

pheric whistler may produce second harmonics. Conversely, a

2a whistler "pump" wave may amplify (or generate) an c

whistler by parametric travelling wave interaction.

In the general case, where the wave normal makes an

arbitrary angle with the static magnetic field, the refrac-

tive index relations become more complicated. Introducing

the following parameter

X - 2/YT 2 (V,1 4 )
III

the equalized refractive indices become

n 12( ) a n 2(2w ) - 1 / (v,/5)n1 ~ x+ V' .÷1~)12 (~
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) n2
2 (20) 1- 2 , (v216)

with the corresponding longitudinal cyclotron frequency com-

ponente

2 .1{2)X2 4S(X*l)Xt2(2+Xhj (V917)YL1

2

For the purpose of graphical presentation we have labelled the

equalized refractive indices I and 2. Only a more detailed

investigation will reveal to which polarization the equalized

indices may correspond; this varies with X and is of no

immediate concern, since there is no principal difference

between the various states of polarization from the point of

view of non-linear interaction.

A closer examination of (V,15), and (V,16) reveals,

that most of the travelling wave resonances take place in a

region where X> 1 - Y. It is interesting to note from Fig. 2,

which depicts the equalized refractive indices, (V,15) and

(V,16) as functions of X, that there are three levels, viz.

X - 1,2, and 4., for which n2 (w) - 0 - n2 (20). Generation of

a fairly strong second harmonic echo can be anticipated at

these levels. A detailed analysis of the radiation efficiency

in this case, which must be based on a more rigorous wave

treatment to replace (V,6), is outside the scope of the present

communication. It should be noted, however, that the following
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refractive indices are equal to zero at these levels, viz.

x - 1. n0 () - n (2w), for Y - 3/2

I - 2. n (0)- n (20), fnr Y - 1
(v,l8)

X - 4. n (c) no (20), for Y - 3

where n.(to) denotes nx(40), for X>X R

According to Fig. 2 there are a number of levels, of

special interest in the "top-sideN ionosphere, where travelling

wave excitation of second harmonics is possible. The same

applies to the exosphere, where wave interaction takes place

in regions where Y>1. The different resonance levels may

differ in efficiency, however, since the non-linear driving

forces (represented by b in (V,5) may vary widely with X and
Y.

VI. A Brief Discussion of the Non-Linear Interaction when

Only the Effects of Pump Wave Charge Bunching is

Considered

In order to discuss the parametric interaction in the

magneto-ionic medium, let us limit ourselves to the effects

of pump wave charge bunching only (see also [3]). We then

have, tP is the angular pump frequency,

2 a (,v (2)) . a 2 a(rv (2)); and•x P "•p X-• p ay Y• • n

*/z M "COp2 a- (71Vz(2))
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where
AN( 0 N Cos cNt-c n3 o Z (VI,2)

0' foNc 0 I
represents the charge bunching. If coT O, T) is linearly

proportional to the pump field amplitude (II,Sa). When

*T O, it is proportional to the square of this ([31, (IV,25)).

Eq. (IV,4) and associated relations now yield the following

coupled equations, viz.

*C. •p 2pe • 4•pp2OL1Vx(2 peru2 T' 1 ~Li(2)2((2)

S22+ 2) 2 +T v (2)

2 a pep2 W } (2 2v (2)
a (- + (4p (1+ TI) v ( 2 = _W Pe 2 (2 (VI,5)

The left hand side of (VIM) is a Mathieu-equation, and the

left hand side of (VI,5) can be reduced to one [3]. Both

operators describe oscillations in a periodically perturbed,

isotropic ionized medium

In order to study the instabilities in this medium, one

would have to solve the coupled "Mathieu-type* equations,

which is a very complicated matter. The spectral terms of the

steady state can, of course, always be obtained from (VI,3),

(VI,4), and (VI,5). One then obtains the (parametric)
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resonance conditions already described (IV,20). If the

fundamental mode easily becomes non-linear, for example at

the fourth reflection level, one can pump the medium with

a higher frequency than 2N, vi5. 30, 4ce, etc., which corres-

pond to the higher order Mathieu-instabilities. If losses

are very small, as in the uppermost ionosphere, harmonic

travelling wave pumping and generation of the more easily

excited modes should be possible, provided the resonance

conditions are satisfied. This interestinig matter will be

dealt with in a forthcoming report.

VII. Non-Linearities in the "Top-Side" Ionosphere

Even though the theory presented in the previous

sections is based on the assumption that infinite, plane

(magneto-ionic) waves travel in the system, which is not true

within a wavelength or so of a "top-side" sounder, it should

be possible to draw some general conclusions concerning the

nature of the wave instabilities recorded by such a device.

At the normal total reflection, or self-oscillation

levels, I - I-1, 1, and 1 # Y, one only expects fundamental

plasma *spikes", except at levels where any of the travelling

wave resonances of (V,18) would take place. At these levels

harmonic pumping should also be possible, I.e. plasma "spikes"

could be recorded when the sounder emits at twice the

resonance frequency.

Instabilities are likely to be very strong at the

fourth reflection levels, at least as far as plane wavs are
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concerned. These levels, which lie in the following Y2 -range

(II,8), vis.

y2 R . , ,-X2 (X < 1)
-Xcos e

y2 . -2 1-1 (X >l/cos 2 e)

Zcos e-1

depend upon the angle 0. Since the "top-side* sounder acts

almost as a point source in the medium, plasma "spikes" at
2

the Y -levels are only likely to be strong in wave normal
R

directions for which

1 dn
-.W -o,

which means that the Poynting vector is parallel to the wave

normal. Since cos2e is equal to 0, or 1, in these directions

(longitudinal or transverse propagation), strong fundamental

plasma "spikes" are only likely when

Y I, (e - 0), and Y -X -

This agrees with the experimental results so far reported.

Harmonic pumping (see VI) of these resonances should also be

possible, especially for the one at Y 2 . I ("cyclotron
R

resonance"), since travelling wave resonances are easily

obtained at this level (see (V,9)).

If Y2 1 1, we obtain for small e-values



n2() 2(l- (VIIl)
sine 0

which means that -the transverse component of nx is practically

independent of 0 (for small angles), or

nx(0)sine = V2(1-X) (VII, 2)

Second harmonic travelling wave resonances (now shown in

vector form) are thus easily obtairable in the direction

around 0 - O, as sketched in Fig. 3. The second harmonic

pump wave continuousl.y builds up forward and backward waves

at the fundamental frequency which, in their turn, generates

a backward second harmonic wave. The system becomes unstable

at complete travelling wave resonance (see VI, and [3]), and

"cyclotron spikes* will be recorded at both the fundamental

and the second harmonic. Similar pumping schemes would also

be effective at the higher harmonics, provided v is small

enough (as in the 'top-side" ionosphere). Such harmonic

Rspikes", related to Y 12 - 1, have been recorded by *top-

side" sounders, but to the authors knowledge, none related

to T2 . 1-%.

Unfortunately, the present "top-side" sounders are not

equipped to record harmonics and fundamentals simultaneously.

No doubt a recorder with such features would yield very

interesting and important results and is almost a necessity

if one wishes to study the top-side non-linearities thoroughly.
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